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| fPoliowing is the transiation ef an article 
| by NN. Branevakiy in Hatematicheskty Sbornik 
| 
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CHathematical Articles), Vol LIil €98), Ne 4, 
Moscow, February 1961, pages 195~206,7 
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The. present article deieribes a methad of deterniaths 
optinual trajectories (with respect te the duration of the | 
transient protess)_ for Linear wongtationary ayetens in: ad 
case of Limited sentrel function moduli, 

Let us consider the system described by ‘the aitteren- 
tial equations 


i Pe tbe 9, x a 


where X={xs) ds an a-@iuensional veetar with encrdizates. 
ty of Yopregen.ing point x in the vase apace of the ayo 
tem, P(t} is the n X n-matrix whose ohLements By, gt{t) are con~ 
tinuous functions of tiae ¢6 (0, ), bs Cbisere sp 2 48 a, 
constant vector, 9 (t) EY Ct awees Pht 5 is ‘@ continuous 
veeter gunction deseribing the oa taxnet signal, aud ACS? is 
& Sealar ¢centrol magnitude, 

Est as formulate two optinad regulation problems: 
Frobles 4, For givwun x = #5, t = tg = 0 ta determine ~ oj 
timai control in the fers oF a plecewise-sneoth funct4 
1°(t) such thet 


4 er 


fet wee { mt fe 
iy ol a _ (0,2) 
oe - 
; and trajectory t{xg,t, y *) at systom (0,2) reaches. ‘peint xi= 6 
im the minimum time ¢ =f? ¢oy oY = OY, is 
Mote, By ubking: the avbstitution y = x = 2(t),. the | 
| problen of finding an optimal eoatrol roa the point 3 “x = ae 


— 2 ee 


to 3 point moving along the curve = = Z(t), where #(t) is 

a continuously dafferentiabie yeetor function. 

Problem. Bs. For givea x =x, t = tg = 0, we are to datermine 
the optimal control nece) satisfying condition (0,2) such 
that the trajectory xaos % ® HW) of system (0,1) is traced 
out on the given manifold M of apace in the shortest posaible 
eime t = To... . 

The problens of optima: control. have ecoupied many 
writers e K 2ormukation of the problem and the first results 
will be founc in the weitings of A,A, Fel*dbaum (ref. 1). 
whe most profound results in the matheaatical theory of ‘ 
optimal processes have so far been achieved by LS. Pont~ 
vyagin, VG. Boltyanskiy, and R.V. Gamkrelidze. They have 
considered optimal processes described both ky general syatens 
of differential equations “ “ 


Se = #(,0) 
is at 
where u = LU rece sty is o control veetor and by linear Sys~ 
tems. Some of these results aré presented in article 2 in 
the bibliegraphy. In the case ef linear systems, important 
resuits have been achiaved by. RY. Gaukrelidge (refs. 3 and 4). 
Mention must alse be made of the contribution® of 2, Bellman, 
J. Glicksberg, 9. Sross (ref, 5) and d, La Galle (ref. 6). 
the problems involved in the theory of optimal control are 
deat with in the writings of L.I. Roxonser (refs. 7 and 
6) , which take as the point of departure Lo. Pontryagin'’s 
Maximum Prineiple. Extrenely general optimal control existence 
theorem have recently been proved by A..F. Pillipov. (ref. 9). 
in constructing aetual concrete optimal trajectories. 
there arises 4 certain aifficulity which consists in the follow 
ing: the opt imum conditions make it possible to calculate the 
optimal trajectory which emerges from point x = Xp» by integ~ 
yating a certain system of equations (the Hamiltonian system 
given in ref. 23 and operating with ac.aystem of n arbitrary 
constants; there now arises the probiem of determining these 
constants in guch a way that the trajectory passes precisely 
into point x = G. This Last rroblen presents particu. ar dif “ie 
culties in the presence of disturbance functions yp ced (or 
when there is a need to pring the trajeetury ento curve x = £(t 
mnalogeus® difficulties arise, moreover, in solving probién Be 
The purpose ef tie present article is to describ® “one 
method of constructing optimal trajectories which in a number 
ef cases makes 4+ possibis to circumvent the aiftficulties. 


2. 


presented by boundary problems. his method consists in 
approximating problems A and B (with limitation (0,2) taken 
into account, which have digcontinuous optimal controls 
with problems having smoothe: solutions, 88 well as in intro- 
duaing parameters 6, p into auxiliary systems of equations 
{Gee notg7. The djetermination of optimal trajectories is thus 
reduced to the futegration of ordiaary aifferential equations 
describing the dependence ef optimal egolutions on parameters 
Opand applying s set of known initial conditions .{Note! 
The dependence ef solutions to optimal problems on paraneters 
mas been studied by FN. Kirillov (ref. 43); nis results are 
used in the present articla/. . a 

it should be noted that these equations are rather 
cumbersome, 8oO that integration is possibie only by numerical 
methods; for this reason, the method described may tures out 
to be useful for determining individual optimal trajectories, 
but not for the soiution of systems synthesis probleas. 

LL, In this paragraph we Shall define certain auxiliary . 
notions and symbols. 

Klong with system (0,1), we shall examine ths auxiliary 
system of equations 


az = Op(t)x + BCp)u + OPE) — €BG DD 


at 
where B® are parameters (CO 49 #1, 04 yw = 1d, BC ) 
4s an/n X n-dimensional natriz with coefficients given by the 
fornuLas : 
Bey = by (i = hyeaeet) (1,2) 


Bay = Egg. Ch = Lycee sth j = ZyooeeD? (1.3) 


(€,, sxe conetants such that far wre ¢ 6,11 matrix BC pA) 


4n non-singular), U = {up recest , ia che control vector func~ 
tion, For values e€fo.dy pe Co, L}, problems Agu and Bou 
will be considered 4n comparisen t6 problems A and B, , 
Probler Bau . For % = Bg, t ™ ty, = Oo to find ine 
optimal trajectory u2¢t, O, pad which satisfies the condition 


2 a a | 
u, tt) + ao + uy,tt) 41h d <t,4) 


and is such that the trajectory %(Xgi%,u7) of system (1.1) 
yeaches poizt x = 0 in the shortest time t = pOC BR, p ) for 


a" % = ty = 6 to find the 
eptimal ¢ontrel uhCt, OeWe which matiories condition 
(%,.4) and is such that the Seuyeecere w(x, »t,u°,M) of system 
ql, 1} passes onto manifold k of space x in the shortest time 
t= 7°" SG, yh pM). 

Nota LT, In problem Boy manifold M can alse be considered 
as dependant ox parameters. 6 and & 5 we ahall limit surselves. 
here, however, to the cage where M is assumed to be indepen- - 
dent of parameters © and M . 

Note 2. Tso Simplify the equations derived below, the — 
factor © appearing in frent of function: P(t) in system (1,1) 
alse need net be derived, This, however, wiil. complicate the 
solution of problem Ky (Boy) somewhat. 


Problem By, ip Fer “« = x 


Let us introduce the following jatatsout 
8C€t,60) is the fundamental matrix of solutions to the 
Byatem 
| SE = OBCt)x os (1,5) 
. at , 


(FC0,63 = By; 


ev ¢t, @) is the inverge of matrix P; 
H6%, Gy) is the matrix 


HCt, o fd = on ¢ Pa) OBC WD. (1,6) 


Let ua define the matvisee Ry (t) hy the recursion 
foervauLa ‘ 
g _ E, Reet wt emai = HP C& = Leeces ne) (1,7) 
at 
and ageume that vectera RL} (k = 1,,,.,n) are Lineariy ia~ 
degendeut for t 2 2 6 with the possible exception of certaia 
-Z{go0khated values een toe er 


bel 


= hy 3, FO 7 (2,8) 
| Pe : 3 . 
mM 2 . \ 
( She 3 Oy t Pi ve a L, co LyZeuee C7 
1 | ; 


For the linear stationary case where Pit} = A= const, 
condition (1,8) is given in (ref, 3). Under sonditiona (1,8) 


functions hy, 683 = Rosas the elements of matrix (1.6) 
gatiefy the condition 


e 


SAAB, Ce) FO (= Ni #0 | (1,0) 
inl i=i 


for ell ¢¢0 with the possible exception of certain isolated 
values t = the This fact is checked by aifferentiating the 


expression 8) od oh, h,,¢t) with respect to t nel 


| sicag oth | foe 

times. Derivatives ™ are expressed in terms of vectors 
at ; 

Byyi (see ref. 10), From the fact of the linear independence 

ef these vectors it follows that for ali t 40 (with the 

exception of isolated values) we cannot simultaneously have 


ne} 
P = Usgeens a+ = O03 this proves (1.9), — 


Henceforth, the initial point x = %_. Will be considered 
fixed and such that there exists a permissibie control y(t). 
(corresponding to u(t) which satisfies conditions (0,2) (Cor 
(1,4) respectively) and generates a trajectory reaching point 
«x = 6 (on manifold M) in a finite time T, The preblem of eva~ 
luating region G@ whose points =j)6 G satisfy this condition 
ie not geruane to the present article, Let us merely note 
that these conditions are satisfied for ali points x, for a 
sufficiently broad elass of properly stable Linear systems 
for ~@* 0, We whall henceforth assume that %)€ G for all 
‘problems. he r Bae 

2, This paragraph deals with problem A and the transi~ 
tion from problem A to problem Agy- 7 

‘tn ref, LL it is shown that under conditions (1,€) 
yroblen A has a single solution, while the. optimal contrel 
time T° 4s determined from the condition that T° is the least 
root of the €juation 


n ; 
RCT) = nan {|Z Rararev lar = 1 (2,1) 
4s? 


a ‘ 
aes) 
(2h 4 


where Cy are components sf vector c, defined by the equation 


o = =x, ~ fortes ,8O(T av (2,2) 


(9 =. 1), 


The optimal control eee ig defined by the formula* 
oe 3) : ~ 
“+ © : 
OG? = be aetill (2.3) 
; Ha Oe ; f 


where KG are solutions to problem (2.1). 

Note, In case ¢* 0, vector c = =x, = const, A(T) 
ds a monotonitally increasing function T and equation (2,1) 
has a4 single root. 

“If problem Ag, ia reduced (just as problem A in 
refs, 10 and LL) to an “L-problem" (ref, 12) in the functional 
space Zh, (¢ TC )esrephg(T )3with a norn 


cB Sona 3 
in = fotos 


then, aa in ref. at, we arrive at the following statement: 
probien Ag, has a single solution; the optimal time T°C4, 
is the sense root of the equation 


rt 


ACT, 2 , >= Baauess seo av =a 1 


(254) 


n 
(2M : 1) , 
ESL. : 


where c. are components of vector (2,2) (0<D«1), while the 
optimal control is de#dined by the formula 


Eryhage’ 9,1) 
[2 je Kah, ,(t, © o.wor]? 


42h 2=1 


uy cts e, Md = t (JEL yp cecgtdo (2,5) 


ean mae 


AI TT ic A et ee 
*This formula, of course, also follows from LS, Bonteyaet a: 8 
Maximum Prineiple Cref, 2) 


Here AGCG, PO aré the solutions to problem (2.4) 
and the denominator (2,5) dees not go te zere beceres matrix 
BC.) is nen~singular, 

Relationships (2,1)~(2.5) make it possible to establish 
the rveducibiiity of the solution to problem Ayy to that of 
A ae pe» Oe 

Lewmnea 2.1, The Limit 


eee = Te : (2,6) 


-helds, a a : 2, 4 
Proof. Since, ebyiously, ATsl, A> ACE), from (2,1) 
and (2,4) there follows the inequality 


e8Cr, 4? < To, ; 12.9) 
} 


The optimal controk time ec problem & (T°) 48 the least root 
of enuation (2,1); hence : 


CPL 1 for PEEP & GH fa > Od, (2,8) 


— On the other hand, for Oa = TO ~ KR we kaye the uniform 
init . . ; 


dim A CB,t, py) = NET), (2.8) 

ore” } | 
and, consequentiy, for suifielentiy sali values of pA; the 
gnequality ! 


NETL pA? SL for et Lo, - a). 


In coabination with inequality (2,7), the letter inequality 
meaug that the number POCL, AD is the least root of equation 
(2,4) ond ties en the pepuent (Tr? wa, ZO goer sufficiently 
eed i. Mores As & roesult of the arbitrary choice of A> 6, the . 
Lenma ie thus proved. 
Lemua 2.2, The firat caonponent uy (tet, > of *ne apti~ 

aad control of preobien Ay eenverges to, the optimal contri . 
Ott? ef problem. ss — 

7 Proof, The numbers \401,M) which are the solutions 
to problem (2,4) fer © = 1 are uniformly limited as 
G2 aM. Cod 8 is a constant, Consequentivy, 1% is possibile 
te bhedse a convergent subsequence 22. 7(1, [ye 2f from any 


o be ty, 
Se wweEnce 4 afly peg ld CREL Breeds where era = 06, Likewilae, 


At is not difficult te: ascertain that the numbers AR a 


= Tink ate Ae, ) are solutions to problem (2.1). Now the 
oe: 2] 
+ 


lemma ig proved with the aid of formulas (2,3) and (2,5). 
Note, The eptimal trajectories which are defined by the 
Least roote of equations (2,1). and €(2,4)) correspond to 
the minimum time T° (T°CO 4 4)) relative to varions. . 
variations of controls 4°C¢) CaP(t)) constrained by « con~ 
ditions (0.2) (€C1.4)). 
3. In the presence of externally aaovenesa functions. 
it} # 0 in linesr syeteme, the ezistence of Locally-optimal 
trajectories ie posaibis, Let us consider the Sr eaets on which | 
ariges oe 
finition 3.1, Trajectory “(xg,t, 7%) of ayeten (0.1) 
oaths x(x ,teu?) ef system (1,1) respectively will be ; 


called jocaliv optimal if it is possible to ‘find a rumber 

" » G such that there dees not exist any permissible control 
Ct} Cult)? subject te conditions (0,8) (1.43) auch that 

the trajectory it generates «tx yt, 1) Cxxg,t,u) reaches. 

point == 0 fer t¢ = Te T(r w& Oop >, with the added con~ 


dition thet the is equality 


ui 


” ’ 

3. Hy CRgyt, WI - # ‘1 Forts oan" Zee Co <t <1) 

421 ; 
(3,1) 


(or, respectively, the inequality) 


+t) 
<h taSHgets a) ~ gas aca > 220 eoseiny 
C3473 


ig fuifilied. 

Note, in urder to establish the Local. optimality of: 
the trajectory x(x pete WD (x(zg,t,u°) adn our case, it is 
sufficient to prove the baistence of a. number. s>0 such that 
there exists no permissitie contrel y(t) (u(4}) which will 


8. 


brinc trafdeotory =Cx gts") (a(x,,,%,u) to poiat = = ] 

at moment t= T (TO~ 5, BPI, 0 : 
Lemus Seke if T° (ToC &, K}} is a reot of equation > 

(2.5) ((8.4)), eng the inequility . Ss 


KP) Li For TE (TF A, T°) | > OD (3,3) 


Cor ROT, @ IST for TE(TIHCG, YD =-%, TC 8, W) 
, , : (a> 0) (3,4) 

respectively) holds, then trajectory x(tg,t, (7) (xa yt,uo))” 

generated by control (2,3) €€2,5)) ds locally optimal. 

Proof, To prove this lemma, it is sufficient to note 
that tn view of the general results velating to the “L~-problem® 
(ref, IB), under conditiona (€3.3)((3.4)) there exists no 
permissible function Vit) (e(t)) which satisfies inequality 
(0,3) ((1-4}) and the condition ; 


_; Bue oe 
Rigi Te) = BCE Lx + rayne Too ,2oten ct) +occ ac = 0 


& 
{or condition 
, r ; 
x(a sTs2) = FCT, G dary + eo eyemlos , Or[aaCT 94 OF CK] ae =e 
a | 


yespectiveiy). 
Lewn~ 9,2, if T° is a root ef equation (2,1) and 


“Oo gor TF = TP 


then for w& CO, ed there exists a family ot lecaliy optimal 
trajeetories x(4y,t.u%d, of problem Ay Which converge as 

p> 0 to the lesally optimal trajectory X(Xqrts \°) of problem A 
furthernore , : 


dim TO(L, Vv} = TO 


Ho 


ané the first eomponent aPtts ts ed converges uniformly to 
funetion Wy ekey as je Oe 


Lewma 3,3, Let TOL, MD be & woet of equation (2,4) 
for Kt CO, ung), OF Ly continuously dependent on }A; in 
addition, let the following senditions. be fulfilled: 


BB Sea bab. => & > & Ch = const} (3,6) 
TCL, AIL £02 (KN = const) (3.7). 


Then problem A has @ lesally epiraes trajectory XCX asks ne ye 
to which corresponds eptinal Contrel time 


To = Lim . POCK, 1 } (3,8) 
ee is 


and the optimal control funation 
yp Re? - etn | = 2) arirce| 7 
ee a 


ha» 


ha ® tim hi he MD. . €3,9) 


The preoft af Lemmas 3,3 ané 3,3 mekes use of arguments 
@wheih ave analogous to theses applied in proving lemmas 2,28 and 
2.4, Fer thie reagsen, we omit the procts of the former two 
demand here. | 

Note 2, Let ue point out that cenditione(2,5)—(2.5) 
whieh determing the solutions te problems A and Ag, are ana- 
Legous to wonditwones which way be deduced from ae mask imum 
‘pronciple fox stationary systeme given in re®, The form 
used in €2,h}-€2,5) is convenient for what ties 

Weta 2, in case pad there exigt no leeally Spitnal 
trajectorias which differ from the single oytimal trajectory 
selects ney, since equation (2,1){(2.4)) canadSt have more 
than ove'routy (whex- ip =O tA # O, avd ‘ORAAT > O evary~ 
where), i 
4, Lenmsue &4,3=3.3 point toe the following method of 
constructing an optimal trajectory for system (6,1): 

We conetruct the auxiliary system (1,1); for © = 0, 
As L the eptimal trajectory of system (1-1) which connects 


se 


tg M2 Eo and x > G is Zoun@ by an elementary method: | , 
this is the straight Line which connects points x = ay, % = G. 
; e have 4 eolutica to the prebliem for some value O2 0 

; then, usin? the theoreme on implicit funetions 


~e 


15 


{avr nopat? at is peasible te fing expressions for deriva> 


oe 36 
tives HE: 43 tprovided that for these values of © and p 
a6 49. | i 
| eye Cres eee | 
‘ — 12, 4g different from zero). 


the partial derivative 


integration of the reaultant differential equations makes it 
pessibke te extend the solution to the optimal problem onto 
the nent Zarger values of 6, On reaching point @ = 1, the . 
next step is to eonstrict by analogous means differential — 
equations containing derivatives aO/d jy and aRo/d and 
to integrate thege. equations for MECO,Li- it is alee possible 
to wary @ and w concurrentiy, by setting = 2 ~ 0, for example. 
Let us construct the above-mentioned differential 
equations. ‘Ig for certain values of Gy pp there holds le 
dnequality . 


~DMSe Babe #0, . (4) 


then, accerding to the knewn theorems on 4mpiicit functions, 


we have 
we ae Aho (402) 
ao -\ 4 ot 


G 


woere the expression NG See? as defined by equation (2.4). 
vo desermine the values o£ NOOO, Pp) which solve probiei 
2,4) for .ts ut uimum for a fixed value of Ty, 4t is possible 
toe maze uge of the sule fer Lagrangs multipliers or to express 
ane of the numbers hy (let-ue gay hy) in terns of the other 


r 


nunbers Ay by means of the eondition {pee notets7 

Zhe, oh (4.3) 
peepee tary ininc cients REOE LONE OED COCA AIST canary andes, ; : 

T All funeticas in eugation (2,4) are continuously differen- — 
tiable functiens er their arguments (fer x #0), The intro 
duction of parameter pA se intended to assure this di ‘ferenti- 
ability. 

x*tAnong the numbers C4 there ig at leat owe which differs from 
gero, If ail e;'s turn out to be identisally zero, this means 
that the trajectory reaches point x = 6 for u 2 0, and so for 
auch 6, *s, time 7 cannot be the optimal coutrol time, in 
shenaging parameters @ and ps the number i for which ¢j4 7 Oo, 
sun, generally apeaking, undergo alteration. - 


iL 


ider ihe Latter methed; 
atreduce the expression: 


0 
[s (2. Re rye, On Bs a) Var ar CPL 


Pe 
\ iia 
Ot Bei sees 


then to ‘gotermizne the numbers KG we golive the system of 
equatioue 


oY , | 

ot = 6 {i = Zaeoegtt), : 7. (456) 
dA, . 

The functional determinant ef the right members of 


system (4,5) with respect to variables hy gatiafies the 
condition. 


-~ Os. (4.6) 


To grove relationship 
that the quadratie fe 


He cy 
al a5 
Wey Te apne op 
prep eh MEMS 
ogg 


ie positive aefinite, The analytie confirmation of this 
Latter Enet, readily Sees from geometric conciderstions, 
weal bo omitted hare, 


Consecuanti, , deravatives ah$/a@ satiety the equations 


253 


t had Oe 
DSK, 5K, | 


{: “ sarc fais 

ee as aa ea ~ ones 

Serna — x aoe rere ee fae a coments oF C4..7) 
ch Q pra » ie i 


C4 = Zpoeeyg hd 


Eovuations analereus to (4.2) and (4.7) san also be 
eongtructed Lor derivatives ate/au, aRG/A g 


Pe are | 
ae ees (8 = ) (8.8) 
ts ai 3 | 
| i: See 2) ee 
din’ Disk at 
‘ initarnsoni os * > = a ae 
CH au) er nto . (4,9) 
ae : on Oy Oy : 
_ (se Sane. 
} Ma A } ‘OPK 


£4 = Boeeeyny & = 2). 


Note, Im calculating the partial derivatives ONAT, cognizance 
should be taken of the complex nature of the dependence of 
(2,8 9 i) on T; in the first place, on the upper “imait of 
the integral, and geaondly, through the o4'ay Analegeusly, 
tn calculating the functional determinants in the numerators 
of the vight members of (4,7) and (4,9), it should *e borne 
in mind that in deriving equations £4,7)~(€4,.8) the expression 
7o°@, ;) was assumed to be a known function of paraneters 
Gwe In vase pti - @ , 4% is sufficient te t.ke inte con 
eiéeration only equations. (4.4), (4,7); in doing this, however, 
the dependence of 1A On % shound be taken into account in the 
finetionalL ceterninant gn the numerator of the right menbar of 
(4.73 6 “a 8 
A comseaguence of Lemmas 2,1~3,3 1s the following 
Theorem ok. Let TOE, W), as O,uW2lO<O-1; Of ral, 
6 = 1) be solutions ta the system of equations (452), (4.73, 
(4,8), (4.9) and the condition 


Ohta 4 20 oq = consy) (4,10) 


be satisfied fox these solutions, 
Then tne number T° defined by the Linit 


BOs pin. POC, Wd, (4.2) 


is the optimal control time of problem A; time TO has a. 
corresponding locakiy optimal trajectory with optimal control 


Ths 
Oe) = sicr [Ag bys Ct) |y Ny dim KEG, vor 
2 5 aia ot 


pw. (4,22 


13 


Note. In case BO, under conditions (1,7), the integration 
ef system (452), (4,73- 0468) alwaye leads. te a single 


optimal trajectory xx ot, xP). 

6, In thie paragraph we shall consider problew B,* 

Let ua replace problem B with problem Be, fer the 
auxiliary syeten (2,1), To derive the aguations sdeseribing the 
dependence of aptsmal goLutions Te S ek dy ne 2 @. ia ef. 
problem By on parametera Oy, it is’ necesshry to repeat 
the consteeetion of equations (4,2), (€4,.7)-(4.9) of gseatien ~ °* 
4, To these equations, hewever, in which the o,'s are 
calculated fvom the formulas /See note*7 . : = 


a ae . 
es i ees sho, es >) 
eo, = “xi07 (SF tet, 8) pt 4, at’ + Rae ar 
Q “s 7 


| | | (552) 
Ci = i, aeog dg veotort® € i) 


we should add the equations which describe the chauves of 
4 dus at: co. 3 ¢ 2 £0 i 
eoardinat oe &, 6 Fs ja? of point €°¢C M with alterations in 
parameters © and fle | - 
Let nanifeld M ba descrited by the continuously differ- 
entiable functions 


Ey ECG peceey GL) C4 = Lyeoeemds © (662) 


Tre extxemality conditions for tins ToC GO, wv) yield the 
systen ef equatione aoe 


“OTHE, =O Ch = Tyeeest)y (5,3) 


whieh is satisfied by the variables [°° (4 = Lyeugt) that 
a@afine coordinates Si of extremal pot Be Be 


4" for the examined values of © and hh the functional 
determinant of the Left members of (6,3) in terma of variables 


C4 ts not equal to gereo, then derivatives ¢ € fae (for 


o9<6 41, = 1) and aC ,/ad A (for 5 = 1, O< py & 4) satisfy 
the conditions 


*index &£ in equation ’5,2) atande for the 4-vh component of 
the corresponding vector, 
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~ er, oe] 
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where derivatives “OTE should be calculated from equas 
tion (2,4) by means of the rule for differentiating impiicit 
funetions, System of equations (5,4), (6,6) in combination 
with equattuns €4.23, (4,7)-€4.9) describes the dependence 
of the optimal eolutions to problem Ba, on parameters @ and pre 
fhe truth of the followlag statement is established 
combining Remuas 3,1°3,3 with sufficient conditions to make 
tion of v variables G yveees e assume ite minimum value 
usual, methods employed in the éaloulus of variations, 


Iz T°CO 2Mos NG oC @, opds C24, are solutions 


to the systen of ecuati ond €4623, (4.7}+€4.3), (5.4), (5,5), 
along which inecualities ¢€4,1563 and 


POS, wpe a oe a * 
m p fe oe 
sis ie 
Spades pS ae oi ee # 0, 
om gs i 
DES Ee 
i a 


ni for sufficiently small vasues of MWe pd iy) 
RR ee forg 


vg) = oe BENE. HB: 


aay 


ope anita unidciee) Waid Sacpaest to A Cie@es 
! 


“% ; 
See EERO R IG Mt oe vate . 
vlai® A Oey Gh? o fe a constant}, then 


go = iim TOL, ph) 
poe O 
ts the optimal controi time for problem B, which has & 
norrasponding Locally optimal trajectory x(Xeets 1°,1D 
generated by the econtrel 


WCt} = eign | rgtyy ce) |) : 
, 7 cs : 7 
where the numberg , &ré defined by the Limit . 


¥, (a) ms 
h, = bir Ait, a 
wee ! 


Hote. System (4.2), 64,7 )=4.8)_ €5,4)-(5,5}) ia one of the 
gossible forks af the eysten of equations wadieh describe 

the dependence of the woelutions to problems Ag, and Boy 

en © and He Cases may eeour when in integrating ~his’ 
syatem, the coubination of nwl indices 4 should be changed 

in equations (4.7),04.0), Sometines in deriving such equations, 
dnetead of directly replacing variable A, with an expression 
4n terms of the rest of the vatiables Keo Sb iO more advisable 
ts make use of the Lagrange multipiier method and to replace 
tan two systems (4,9), (4,7), €4.8), (4.9) by a single system 
(4.2), (467), eetsing pis } «Ge 
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